Abstract
Introduction
Nano derives from a Greek word meaning dwarf. A nanometer is a unit of length equal to one billionth of a meter. Nanotechnology being with manipulation of substance on an atomic, molecular, and supramolecular scale is a new science. This new science aims to create a lot of new materials which occurs from many different atoms combined. Therefore the emphasis of nanotech. is increasing step by step. A lot of researches being associated with nanotech. are made in the literature. These researches are made by three methods. These are synthesis, simulation and theoretical. Cost of synthesis and simulation are utmost large. Hence theoretical method is utilized commonly. In this study, buckling analysis of nano sized beams has examined by theoretically. Thus Timoshenko beam and Eringen's nonlocal elasticity theories are utilized together. Timoshenko beam theory is more advanced a version of Euler Bernoulli beam theory. In the Euler Bernoulli beam theory, influence of shear on bending deformation is considered negligible compared to bending moment. Therefore plane sections remain plane and normal to the longitudinal axis during bending deformation. However, in the reality, influence of shear on bending deformation cannot be neglected. Thus Timoshenko beam theory regarding not solely moment but also shear effect gives more realistic outcomes than Euler Bernoulli beam theory. Moreover Eringen's nonlocal elasticity theory takes into account the small scale effect.
Once the literature is investigated closely, it is observed that. There are a lot of studies being associated with nonlocal elasticity theory. Studies regarding nonlocal elasticity theory found in the literature are compiled and presented in this part. In order to explain the small scale effect, the nonlocal continuum mechanics has been utilized in [1] [2] [3] . Moreover Atomistic simulations and experimental findings have proved a significant small scale effect in the mechanic performance of material at micro and nano scale [4] [5] [6] . The long term repercussions of these studies on engineering and science have been felt. Thus many investigators have implemented nonlocal elasticity theory for their studies being associated with bending, buckling and vibration .
In this study, on the basis of the higher order elasticity theory known as nonlocal elasticity theory, an analytical method is presented for the buckling analysis of nano sized Timoshenko beams with rotational restraints. The vertical displacement function is sought as a Fourier cosine series and the slope of the beam is represented as Fourier sine series. Then Stokes' transformation is used to take care of the rotational restraints. A coefficient matrix including shear correction factor and rotational spring parameters is obtained. The eigen values of this matrix gives the buckling loads. Present results are compared with the similar problem solutions available in the literature.
Formulation of the Problem
According to the nonlocal Timoshenko beam theory, governing equations are given [7] ;
where, E is modulus of elasticity, I is moment of inertia of beam, G is modulus of elasticity in shear, A is cross sectional area, ʁs is Timoshenko shear coefficient, P is critical buckling load, γ is smallscale effect coefficient φ is the vertical displacement function, θ is the rotation function.
In Ref. [7] and [8] , the solution of above equations has been presented for rigid boundary conditions. On the other hand, difference of this study from the other studies is that. This study allows to make solution for non-rigid boundary conditions. Therefore the long term repercussions of this study on engineering and science will be felt.
Fourier Series
The displacement and rotation functions can be indicated as following Fourier series.
In which L is length of beam, An and Bn is Fourier coefficients.
Stokes' Transformation
In order to include non-rigid boundary conditions in the solution of problem a mathematical transform is necessary. Therefore, in this study, Fourier series and Stokes' transformations are utilized together and included to the solution of the problem with the deformable boundary conditions. (6) The first derivative of the displacement function yields; (7) The above function can be exhibited as a Fourier cosine series; (8) In the equation (8), f0 and fn coefficients are indicated as follows. (9) (10) Finally, if partial integration is applied; (11) (12)
The steps followed above are recognized as Stokes' transformations. Higher order derivatives can be found out similarly. Up until the fourth order, resulting derivatives of the displacement function are obtained to be as following. (16) The first derivative of the rotation function yields; (17) In order to display the above function as a Fourier cosine series, the second derivative of the rotation function is necessary to be calculated;
If the steps followed for the displacement function are similarly applied for the rotation function up until the third order, resulting derivatives of the rotation function are obtained to be as following.
Fourier Coefficients
Taking the first derivative of the equation (1);
If the equations (14), (16), (19) and (21) are written in the equations (2) and (22);
An and Bn are derived from these equations when φ0 and φL are equal to zero.
Boundary Conditions
Flexural moment function M(x) of nonlocal Timoshenko beams is shown as following [7] . (27) If the equation (27) is written in the equations (25) and (26); 
where R is stiffness of the rotational springs.
Construction of Coefficients Matrix
If z=0 and αn=nπ/L are written in the equation (30);
If z=L and αn=nπ/L are written in the equation (30);
Two equations are obtained dependent on M0 and ML. Thus coefficients matrix is composed.
Where Φ11, Φ12, Φ21 and Φ22 parameters are given the below.
Numerical results
The equation (33) 
Conclusions
The critical buckling loads are found by using nonlocal elasticity theory for the Timoshenko and Euler Bernoulli beams. If the critical buckling loads of the Timoshenko and Euler Bernoulli beams are compared between each other, it is observed that. Once length-to-diameter ratios decline, results diverge from each other. Once length-to-diameter ratios increase, results converge to each other. Even if the results converge to each other. The critical buckling loads of the Timoshenko beams are always lower than the Euler Bernoulli beams. Because, in the Timoshenko beams, influence of shear on bending deformation is taken into account. Moreover, if the value of the small effect scale rises, the critical buckling loads decrease.
The results are compared to other studies found in the literature which led to the conclusion that a great deal of similarity exists between them, which additionally proves the accuracy of this method. Moreover, this method allows calculation with non-rigid boundary conditions. It is this reason that makes this study a significant contribution with a potential to pave the way for further and more advanced studies on this topic.
